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Electron hopping between localized states: A simulation of the finite-temperature Anderson
problem using density functional methods

Jun Li and D. A. Drabold
Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701-2979, USA

~Received 11 April 2003; published 25 July 2003!

We present a simulation of the dynamics of electron packets ina-Si at finite temperature by integrating the
time dependent Schro¨dinger equation using a first-principles Hamiltonian in conjunction with thermal simula-
tion of ion dynamics. The mechanism of diffusion of localized states is thermally modulated resonant mixing
with extended or localized states adjacent in energy and real space. For a specific localized state, there exists
a critical temperature, beyond which the localized state undergoes a transition to diffusive state.
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I. INTRODUCTION

It is of fundamental interest to develop a deeper und
standing of transport in disordered materials. For metal
simple qualitative relation between the conductivitys and
the diffusion coefficientD of a mobile entity is given by
Einstein’s relationD}s. Only diffusive states will contrib-
ute to the metallic transport. For amorphous semiconduct
transport theory requires a different foundation. In celebra
work, Anderson,1 using a random lattice model, proved th
without thermal activation no diffusion takes place for a s
ficiently disordered one-band model. Sophisticated hopp
theory2–4 proposes that the quantum jump of electrons is
essential transport mechanism through the localized state
which thermal-induced delocalization is the driving mech
nism. This picture is essentially correct, but highly inco
plete, since it does not incorporate known information ab
the topological disorder in materials and to date has not u
highly accurate descriptions of electronic states.

In this paper, we explore electron dynamics with the tim
dependent Schro¨dinger ~Kohn-Sham! equation, while using
realistic models ofa-Si and a suitable approximate dens
functional Hamiltonian of Harris form5 due to Sankey. We
elucidate in microscopic detail the process of hopping
‘‘phonon-induced delocalization.’’ The hopping6 we describe
is correctly between ‘‘cluster states’’ as described by Do
and Drabold. The exact spatial nature of these states dep
critically upon the material and the energy of the state.
view a-Si as generically representing a disorder
insulator—the physical processes we discuss are salien
anyamorphous, glassy or insulating polymeric material. O
nonadiabatic approach to the electronic dynamics is also
tentially valuable for nonadiabatic transport studies for m
lecular electronics with its intrinsically localized molecul
orbitals and strong electron-phonon couplings.7

In a conventionalab initio MD simulation, the inter-
atomic forces are obtained from the electronic structure
the system at a given instant~with the electrons in their in-
stantaneous ground state!. This is the celebrated ‘‘Born-
Oppenheimer’’ ~BO! approximation. For many problems
certainly includinga-Si as we discuss here, this leads to
liable ion dynamics as verified by comparison of vibration
state densities and other experiments. The BO approxima
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is of very limited utility for studies of electron dynamics. T
properly model electron dynamics, the most fundamental
proach is to integrate the time-dependent Schro¨dinger equa-
tion. From such a calculation it is possible to compute
time-dependent single-particle~Kohn-Sham! orbitals and the
interatomic forces. Work along these lines has been propo
by other authors.8

For a system with disorder the physical processes are
pecially rich. In general such systems have extended sta
strongly localized defect states, and intermediate ‘‘band ta
states. Depending upon the position of the Fermi level,
ferent states become relevant to hopping, transport and o
cal properties. Our work can also be interpreted as a di
simulation of the finite-temperature Anderson localizati
problem in a ‘‘real’’ material, and with far fewer empirica
‘‘inputs’’ than previous computations.

In the simplest picture, thermal disorder modulates
energies of states through the electron-phonon coupling. T
induces close approaches or possibly crossings of sta
When the electron-phonon coupling makes the two el
tronic levels resonant, strong mixing results as
Landau-Zener9 tunneling. Thus, system eigenvectors beco
mixtures of localized states at this point. Such mixed sta
are a superposition of only a small number of neighbor
localized states and are therefore more extended than
original orbitals from which they were built. This is the e
sence of thermally driven hopping and diffusion in the
materials.

II. METHOD

The ionic trajectory at various temperatures was sim
lated from conventional Born-Oppenheimer~BO! dynamics,6

and individual electron packets of interest were tracked fr
the TDSE. One can understand the thermal disorder as
ducing transitions between the one-electron orbitals.
make the approximation of decoupling the ionic motion fro
the effects of the electronic diffusion; a fully couple
solution10 is possible in principle, but too difficult for the
large systems we study here~in this paper we are intereste
in the dynamical behavior of a single carrier!. Moreover,
there is no reason to expect that the ionic motion would
very different anyway for a system near the ground state
conventional BO dynamics one diagonalizesĤ anew at each
©2003 The American Physical Society03-1
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time step, computes the density matrix and forces, moves
atoms and so on, thus always working with ‘‘pure’’ on
electron states. For systems with a gap this produces reli
ion dynamics. It is tempting to study the eigenstates ofĤ so
computed~for each instantaneous ionic conformation! and
use them to study electron dynamics.11 We call this BO snap-
shot electron dynamics ‘‘BOS’’ below.

We begin with the time-dependent Schro¨dinger equation

i\]/]t C~ t !5Ĥ~ t !C~ t !. ~1!

HereC is the wave function of a single electron andĤ is the
one electron~density functional! Hamiltonian for the host
~here, models ofa-Si! by Fireball96.6 For sufficiently small
stept, we use the Crank-Nicholson scheme12 to evolve the
state

Û~t!5~11 i tĤ/2\!21~12 i tĤ/2\!. ~2!

For any t, Û(t) is unitary. With the Lo¨wdin
transformation13 we express the wave functionC(t) in ma-
trix form as a vectorC over basisc i , C(t)5(Ci(t)c i

~here,c i are eigenvectors ofĤ at timet50). Then the time-
dependent state vector is given byC(t)5U(t)C(0) ~for dis-
cussion of the suitability of the Lo¨wdin orthonormalization
for time-dependent problems, see work of Tomfohr a
Sankey14!. We decreased the ionic MD time step to be sh
enough to also track the electron dynamics from Eq.~1!. By
limiting ourselves to starting packets which were initia
eigenstates with energies near zero~by construction!, a time

FIG. 1. The evolution of IPR of a bandtail HOMO state in
216-atoma-Si model at 300 K. The inset indicates the spect
leakage into adjacent~energy! states:Ga . BOS means ‘‘Born-
Oppenheimer Snapshot’’~see text!.
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step of 0.5 fs~for both ions and electrons! was adequate
This time step appears to bevery long; the reason it is ac
ceptable is the proximity of the eigenvalues of localiz
states to zero energy reference. If we began with a gen
wave packet built from the full spectral range of the basis,or
if the starting packet spread across a large spectral rang
far smallert would be required.

We performed simulations on two 216-atom and one
atoma-Si models.15 Only theG point was used for Brillouin
zone sampling. Two localized states, the highest occup
molecular orbital~HOMO! and the lowest unoccupied mo
lecular orbital~LUMO!, were chosen to study the delocaliz
tion process. These edge states are localized on several a
in the 216-atom and 64-atom models and are either ban
or midgap states as we discuss separately for each mo
The concentration of localized states in the range of mobi
edges in our models is crudely of order 1020 cm23, in line
with the experimental estimation.16

We introduce the time integrated inverse participation
tio ~IPR! to study the global evolution of the state in volum
as IPR5(1/t)*0

t ( iCi
4dt. ~This definition gives a smoother

easier to recognize trend than the usual IPR.17! The range of
IPR is between homogeneous extended states;N21 (N, the
number of basis! and for support solely on a single atomi
like orbital, ;1. Fig. 1 presents 4 ps of time evolution of
bandtail HOMO state from a 216-atom model at 300 K.

l
FIG. 2. Delocalization due to hopping from a midgap LUM

state to its nearest unoccupied bandtail state (LUMO11) in a 216-
atoma-Si model at 300 K. Each significant change~indicated by the
arrows! in the relative IPR, coincides with the surge of hoppin
strengthGLUMO11. From perturbation theory~see text!, the increase
of GLUMO11 coincides with the decrease of the energy splitti
DLUMO,LUMO11.
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comparison is made between the TDSE solution and BO
Room temperature is evidently sufficient to cause spatial
fusion of the original localized states. After 500 fs, the TDS
IPR approaches a homogeneous diffusive state indica
complete delocalization. The relative IPR, defined as a ra
of the TDSE IPR and BOS IPR, reveals the difference of
two solutions. The long time behavor of the relative IPR
Fig. 1 exhibits a diffusive;t21 dependence. In the inset o
Fig. 1, we unfold the spectral dependence of the diffusion
projecting out to the time-dependent spectral leakage
neighboring states.

III. RESULTS AND DISCUSSION

We analyze delocalization by trackingC(t). In real
space, the electron hops from one group of atoms to ano
neighboring group ~the ‘‘cluster states’’ of Dong and
Drabold18! via quantum mechanical mixing. Thermal motio
adds a perturbing termHT(t) to the initial electronic Hamil-
tionian and may induce transitions from the initial stateu0&,
to ua&. The hopping strengthGa , is the transition probability
for finding the system in eigenstateua&, which we project
from the TDSE solutionC(t) as Ga(t)5u^auC(t)&u. Here,
the dominant factor is proportional tou^auHTu0&u2/(Da,0
2vp)2sin2@(Da,02vp)t/2#, in first order time-dependent per
turbation theory.Da,0 is the energy splitting betweenua& and
u0& andvp is the phonon frequency. Figure 2 depicts a typ
cal delocalization process involving hopping between a m

FIG. 3. Charge portrait of TDSE LUMO of Fig. 2: the firs
significant hopping event. Dark balls represent original LUM
group and the white balls original LUMO11 group. The magnitude
of the arrow on an atom in the LUMO group is proportional to t
loss of charge, and on LUMO11 group is proportional to a gain o
charge from phonon-induced scattering. The intermediate grey a
is in both groups.
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gap state and its nearest neighboring bandgap state in a
atom a-Si model. Figure 3 provides the atomic view of th
charge transfer during such a phonon-scattering event in
2. In summary, the delocalization process is governed
three factors:~1! the short-range interaction between the
calized state and its neighboring states, which depends on
energy splitting and the overlap;~2! the stability of the local
conformation of hopping states at the given temperature;~3!
the density of available hopping states rendered acces
by thermal modulation. In simple terms one views the th
mal disorder as ‘‘tuning’’ the localized electronic energi
into and out of resonance. The resonant mixing natura
leads to less localized states and this may continue until
packet has diffused throughout the simulation cell. A grap
cal representation of the time-dependence of the LUM
and HOMO charge in a small~64 atom! model is given in
Ref. 17.

The hopping is selective rather than random at a giv
temperature. The relative IPR in Fig. 2 reveals a differ
shape from the diffusive pattern of Fig. 1. This is because
midgap state in Fig. 2 has fewer hopping channels than
bandtail states of Fig. 1 at the same temperature. The
centration of bandtail states is much higher than the mid
states~this is model dependent!. A corollary is that one may
observe a series of delocalization patterns if we control
activation of hopping channels by temperature~higherT pro-
vides access to more channels!. Figure 4 provides an explicit
atomistic example of temperature-dependent delocalizat

m

FIG. 4. The temperature dependence of the relative IPR o
midgap state in a 64-atoma-Si model. The inset gives eac
asymptotic TDSE IPR as a ratio to the one at 100 K. Our stu
shows a temperature dependence betweenT21/2 andT21/3, compar-
ing to Mott’s T21/4 dependence.
3-3
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Below 100 K, the diffusion can be ignored. No significa
hopping can be activated in the model system. Betw
100–300 K, the relative IPR has a linear shape, in which
observed one hopping channel activated as in Fig. 2. T
linear region may be very important in the conducti
through a molecule,14 where a linear excess of charge is i
duced by external electric field through the isolated mole
lar orbital. At 400 K, the relative IPR becomes diffusive~Fig.
1! due to activation of multiple hopping channels. This te
tatively suggests~for this state! that there exists a critica
temperature between 300 and 400 K. Beyond it the locali
state undergoes an aggressive diffusion; this is a dynam
transition to diffusive states.

In three dimensions Mott’s variable-range hopping~VRH!
model19 proposed aT21/4 dependence of the resistivity. A
essential idea in his model is to assume a spherical vol
dependence of the admixture of hopping states. In the i
of Fig. 4, we examine the temperature dependence of
asymptotic TDSE IPR, which is a measure of the admixt
of hopping states. Comparing to Mott’sT21/4 trend we ob-
serve that for hopping between 100–300 K, the admixt
shows a dependence betweenT21/2 andT21/3. This may be
attributed to the spatial dependence of hopping in a di
atomistic simulation; not the ideal three dimensionally is
tropic case indicated in Fig. 3. Instead, it is between a lin
and planar dependece, an issue on the relative orienta
between hopping states. Beyond this range, the varia
range hopping may not be suitable due to either too sma
too large activating energy.

The quantum coherence of states plays a central rol
the TDSE simulation. The phonon-scattering^auHTu0& is ir-
regularly time and volume dependent and when phon
induced mixing occurs, the BOS fails. The transition to t
earlier, more localized state is irreversible, and the local
tion is decreased. In this case, the electron cannot follow
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motion of ions adiabatically. Instead, the artificial coheren
implicit to the BO approximation enforces a ‘‘jerk’’ betwee
BO surfaces: electron will elastically return to the static sta
leading to a fluctuation of IPR around the localized state a
retaining an artificial and unphysically high localizatio
~Fig. 1!.

IV. CONCLUSION

In this paper, we presented a simulation of the dynam
of the localized edge states ina-Si under a thermal distur
bance by integrating the time-dependent Schro¨dinger equa-
tion. This work identifies in a microscopic and detailed w
the requirements for thermally driven hopping, and indica
that there exists a critical temperature through which the
calized states will undergo a dynamical transition to diffus
states. While in good qualitative agreement with Mott’s VR
theory, the simulation points out the limitations of the simp
spherical approximation in real hopping events. Decohere
is a dynamical process and can only be approached by
analysis of electron dynamics. Our work demonstrates i
quantitative and realistic way~1! the nature of thermally in-
duced hopping,~2! the need for spatial and spectral overl
for electronic diffusion, and~3! lays important groundwork
for a future theory of nonadiabatic transport in disorder
systems.
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